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"l^" . Abstract 

0> , The variational theory of the perfect fluid with an intrinsic hypermomentum 

is developed. The Lagrangian density of such fluid is stated and the equations 
of motion of the fluid and the evolution equation of the hypermomentum ten- 
Qj . sor are derived. The expressions of the matter currents of the fluid (the metric 

^0 i stress-energy 4-form, the canonical energy-momentum 3-form and the hyper- 

\^ ' momentum 3-form) are obtained. 



^ '• 1 Introduction 

^ I The perfect fluid with an intrinsic hypermomentum as a new type of matter was 
■ announced in [Q. The variational theory of such fluid in a metric-affine space- 
^ ■ time (1^4,(7) was developed in IQ-p, in the paper |^ the exterior form language 
. being used. The used variational method generalizes the variational theory of the 
qhI Weyssenhoff-Raabe perfect spin fluid based on accounting the constraints in the La- 
^ I grangian density of the fluid with the help of Lagrange multipliers, which has been 
developed in case of a Riemann -Cartan space-time in and in case of a metric 

-affine space-time in f^, [Q. On the other variational methods of the perfect spin 



^ . fluid in a Riemann-Cartan space-time see []T3|, ||14|| . 



The theory of the perfect fluid with internal degrees of freedom being developed, 
the additional internal degrees of freedom of a fluid element are described by the four 
vectors Ip [p = 1, 2, 3, 4), called directors, adjoined with the each element of the fluid. 
Three of the directors {p = 1,2,3) are space-like and the fourth [p = 4) is time-like 
and is chosen to be equal to 4- velocity of the fluid element. 

The distinctions in the various variational approaches consist in the different prop- 
erties the directors to be endowed. In [|T^, 0, the orthonormalization of the four 



directors is maintained while a fluid element moving. In 0] the three space-like direc- 
tors are elastic in the sense that they can undergo arbitrary deformations during the 
motion of the fluid and the orthogonality of each of them to the 4-velocity is main- 
tained. In IP none of the orthogonality conditions of the four directors is maintained 
and all directors are elastic. 

The second distinction of the variational machinery consists in using the gener- 
alized Frenkel condition J'^pu^^ = J'^pUa = [Q-IHl Frenkel condition in its 
classical form S^pu^^ = [§, where J"/? and S°'f^ = J'^/jj are the speciflc intrinsic 
hypermomentum tensor and the speciflc spin tensor of a fluid element, respectively. 

In this paper we use the exterior form variational method according to Trautman 
[0 (see also [0, 12^]). In our approach it is essential that none of the orthogonality 
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conditions of the four directors is maintained during the motion of the fluid and the 
usual Frenkel condition is valid in its usual form as in p. 



2 The dynamical variables and constraints 

In the exterior form language the directors turn into the fields of 3-form Ig and 1-form 
P {p = 1,2,3,4) representing the material frame and coframe, respectively, adjoined 
with a fluid element, while the constraint 

~F A Iq = SPcu (2.1) 

being fulfilled, where uj is the volume 4-form. We shall consider the 1-form F as an 
independent variable and the 3-form Iq as a function of F by means of ( |2.1| ). In the 
component representation one has 

F = Fj'', l, = l'q^,, lll' = €. (2.2) 



where 9"^ is a basis 1-form and ujp is a 3-form defined as |]19 



= , r A cD^ = S^Co . (2.3) 

Here * is the Hodge dual operator and e/3 is a basis vector, a coordinate system being 
nonholonomic in general. 

Each fluid element possesses a 4-velocity vector u which is corresponded to a 
velocity 1-form u = g{u, ■ ■ ■) and a flow 3-form *u |21] with 

*uAu = c^Cj, (2.4) 

that means the usual condition g{u, u) = —(?. 

The director field and the 4-velocity field are compatible in the sense that the di- 
rector [4 is oriented along the velocity: [4 = c~^it. This condition yields the constraint 

*n A ~F = -c5lu . (2.5) 

A fluid element moving, the mass and entropy conservation laws are fulfilled, 

d{ii*u) = Q, (2.6) 
d{ixs *u) = , (2.7) 

where ^ and s are the mass density and the specific entropy of the fluid in the rest 
frame of reference, respectively. 

An element of the fluid with intrinsic hypermomentum possesses the additional 
kinetic energy 4-form 

E = ^fiJ^qQ^u , (2.8) 

where J^q is the specific intrinsic hypermomentum tensor representing the new dy- 
namical quantity which generalizes the spin density of the Weyssenhoff fluid. The 
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quantity Q'^p is the measure of ability of a fluid element to perform the intrinsic mo- 
tion and generalizes the fluid element angular velocity of the Weyssenhoff spin fluid 
theory. It has the form 

n^u = mA llVl'^ , (2.9) 
where V means the exterior covariant derivative, 

D/^ = c//^ + fV^ (2.10) 

The specific intrinsic hypermomentum tensor J^g can be decomposed into irre- 
ducible parts 

J% = S^g + ^-51J , S^g := J^\^ , 7; = . (2.11) 

Here S^q is the specific spin tensor of a fluid element and J is the specific dilaton 
charge of a fluid element, respectively. The former one obeys the Frenkel condition 
S^qU'^l^, = which can be represented in the form 

jb] a['? = . (2.12) 

The perfect fluid Lagrangian density 4-form should be chosen as the remainder 
after subtraction the internal energy density of the fluid e from the kinetic energy ( |2.8|) 
with regard to the constraints (|2.4|)-(P?^), (|2.9|), ( ^.12| ) which should be introduced 
into the Lagrangian density by means of the Lagrange multipliers A, i^p, ip, r, K^g, Xp, 
respectively. 

The internal energy density of the fluid e depends on the extensive (additive) 
thermodynamic parameters ^, s, J^g and obeys to the first thermodynamic principle 

deifi, s, J\) = ^^dfi + fiTds + -^dJPg . (2.13) 

We need the following variation of the dependent variables which can be derived 
as a result of the resolution of the constrants ( |2.1| ), ( [2. 21 ) with the help of the relations 
(PP, 

Cu5F^ = Vpu^ A Sef^ -u^A 6~F , (2.14) 

= -ipAse'' + ipi^ . (2.15) 

As a result of the relation *u A 6*" = —u'^Co one also has 

cD5u" = -6{m) A - *u A 5^" - u"6Co , (2.16) 

Su = u^g''''6g^p + 5e^ Au,. (2.17) 

3 The Lagrangian density and the equations of 
motion of the fluid 

As a result of the previous section the Lagrangian density 4-form of the perfect fluid 
with an intrinsic hypermomentum has the form 

Lm = LmUJ = — ^(/U, s, J^g)Cj + -^J^qVfipU + fi *u A dip + fiT *u A ds 

+fiX{m Au- + iiVp{m. A F + cS^^i^^^u) + ^-Xv^K] *^ ^ 

(m A llVl'^ - . (3.1) 



The fluid motion equations and the evolution equations of the hypermomentum 
tensor are derived by the variation of with respect to the independent variables 
/i, s, JPg, Q'^p, *u, F and the Lagrange multipliers. As a result of such variational ma- 
chinery one gets the constraints ( |2.4| )- ( |2.7| ), (pl9|), ( p.l2| ) and the following variational 
equations, 

6fi: -{e + p)uJ + ^flJPg^^PgUJ + fi*uAdLp = , (3.2) 

6s: Tu + mAdr = , (3.3) 
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SJ', : ^ = - f^cx^X.) ' (3-4) 

(5f2^p : K^g = 2'^^9 ' (3-5) 

6*u: dip + rds + 2\u + UpF + XpJKf + K^aVl^ = , (3.6) 

^/■^ : iy,*u + XpJK] *u + \jy^gCo^ = . (3.7) 



In the equation (|3.71 ) the notation 

j"^ = 4^mA Vrp) (3.8) 

was introduced. 

Let us derive some consequenses of these equations. Multiplying the equation ( p.6|) 
by m from the left externally and using ( |3.5| ) and ( p.2| ) one derives the expression for 
the Lagrange multiplier A: 

2;UC^A = — (e + p) + Aicz/(4) . (3.9) 
Multiplying the equation ( p.7|) by u from the right externally one gets: 

^, + XpS\ = ^jygU^. (3.10) 
This equation with regard of the Frenkel condition ( p.l2| ) has the consequense 



7^ j>««^ . (3.11) 



The Lagrange maltiplier Xv "^^^ t)e found as a consequense of the correspon- 
dence principle of the theory under cosideration to the Weyssenhoff spin fluid theory. 
Namely, the quantity canonically conjugated to the spin tensor should be the spatial 
angular velocity of the directors, 

Bf Bf A 1 

;5^r = jbTj = l^^^^^?^lFs > = + ^^°^7 • (3-12) 

Comparing ( |3.12| ) with (p.4|) one can derive 

XqU-l = ^^\p,\u'' ■ (3.13) 
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Obviously that the Lagragian density determines only the spatial part of the 
Lagrange miltiplier Xp and therfore the condition cx4 = Xp'^^ = can be imposed 
without loss of generality. Thus one has 

Xp = ^%g]U'^ ■ (3.14) 

As a consequense of the fluid motion equations it is easy to verify that the La- 



grangian density 4-form ( p.l|) is proportional to the hydrodynamic fluid pressure, 

Lm = pu) . (3.15) 



Substituting (gl^) into (|3) 

one finds the evolution equation of the hypermo- 

mentum tensor, 

j> = . (3.16) 

This equation has the consequense 



c 



j + —j'^f^Uau'^ = , J =.r^. (3.17) 



4 The energy-momentum tensor of the perfect fluid 
with an intrinsic hypermomentum 

The matter Lagrangian density makes possible to derive the external currents of a 
matter field which are the sources of the gravitational field. In case of the perfect 
fluid with an intrinsic hypermomentum one has as the matter currents: the metric 
stress-energy 4-form T'^^, the canonical energy-momentum 3-form and the hyper- 
momentum 3-form J"/3, which are determined as variational derivatives pO |. 



By virtue of the explicit form the Lagrangian density ( |3.1|) the metric stress-energy 
4-form reads 

fap ^ 2^ = T'^PCo , T^P = ffpp +\{e + p+ -iij)u''uP . (4.1) 



With regard to (|3.9|) and ( p.llj ) the variational derivative of (|3.1| ) with respect to 
6" yields 



ia = = PUJa + \{£ +P + *U + ^flj^'ai^a ■ (4.2) 

56'' & 2 2 

On the basis of the evolution equation of the hypermomentum tensor ( |3.16|) the 
expression of the canonical energy-momentum 3-form takes the form p2| 



& 2 2& 

_ 1 1 • 

= + —{e + p)u^ *M - — /iJ^„n>^ *M . (4.3) 

For the hypermomentum 3-form expression one finds 

~ ^ JK^ ^ 1 
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The expressions of the metric stress-energy 4-form ( [4.1| ), the canonical energy- 
momentum 3-form (|4.3| ) and the hypermomentum 3-form ( [4.4| ) are compatible in the 
sense that they satisfy to the Noether identity 



T^pCj + -fi*uA VJ% = 9" Atp , 



(4.5) 



that corresponds to the GL{n, i?)-invariance of the Lagrangian density (p.l|) pO 



5 Conclusion 

The essential feature of the constructed variational theory of the perfect fluid with 
an intrinsic hypermomentum is the assumption that the frame realized by the all 
four directors is elastic and can be deformed during the motion of the fluid element 
according to nonmetricity of the space-time. Therefore the Lagrangian density ( p.l|) 
does not contain the term maintaining the orthogonality of the directors. The second 
distinction from the other variational approaches is the using of the Frenkel condition 
in its classical form ( p.l2| ). 

As a result we have obtained the new expression for the energy- momentum tensor 
of the fluid which is the source of the gravitational field in the metric-affine space- 
time. It should be important to investigate the consequences of the employing of this 
energy-momentum tensor to cosmological and astrophysical problems. For example, 
it is interesting to clarify whether the corresponding field equations have the regular 
solution with the upper limit for e (the limiting energy density of the fluid). These 
questions are under consideration now. 



6 Acknowledgement 

This paper is partly supported by the scientific programm " Univesitety Rossii" . 



References 

[1] O.V. Babourova, in Gravitaciya i Fundamental'nye vzaimodejstvija (UDN, Mos- 
cow, 1988), p. 119 [in Russian]. 

[2] O.V. Babourova, "Variational theory of a perfect fluid with inrinsic degrees of 
freedom in modern gravitational theory", Ph.d. Thesis (VNICPV, Moscow, 1989) 
[in Russian]. 

[3] F.W. Hehl, G.D. Kerlick, R Heyde, Z. Naturforsch, 31A (1976) 111, 524, 823. 

[4] O.V. Baburova, B.N. Frolov, M.Yu. Koroliov, in 13th Int. Conf. gen. rel. 
grav. (Abstracts of contributed papers), ed. P.W. Lamberti and O.E.Ortiz (Cor- 
doba, Argentina, 1992), p. 131. 

[5] O.V. Babourova, B.N. Frolov, M.Yu. Koroliov, in Materialy Nauchnoj sessii ... 
MPGU za 1991. (Ser.: Est. nauki) ("Prometey", Moscow, 1992), p. 4 [in Rus- 
sian] . 



6 



[6] O.V. Babourova, B.N. Frolov, M.Yu. Koroliov, in Nauchnye trudy MPGU (Ser.: 
Est. nauki) ("Prometey", Moscow, 1993), p. 170 [in Russian]. 

[7] Y.N. Obukhov, R. Tresguerres, Physics Letters A 184 (1993) 17. 

[8] O.V. Babourova, B.N. Prolov, M.Yu. Koroliov, in Nauchnye trudy MPGU (Ser.: 
Est. nauki) ("Prometey", Moscow, 1994), V.l, p. 89 [in Russian]. 

[9] V.N. Tunyak, Dokl. Acad. Nauk BSSR, 19 (1975) N 7, 599 [in Russian]. 

[10] V.N. Tunyak, Izv. Vuz. SSSR (Fizika) N 12 (1977) 11 [in Russian]. 

[11] J.R. Ray, L.L. Smally, Phys. Rev. D, 27 (1983) 1383. 

[12] R. De Ritis, Phys. Rev. D, 28 (1983) 713. 

[13] A.V. Minkevich, P. Karakura, J. Math. A: Math. Gen. 16 (1983) 1409. 
[14] W. Kopczynski, Phys. Rev. D 34 (1986) 352. 

[15] Yu.N. Obukhov and V.A. Korotky, Class, Quantum Grav. 4 (1987) 1633. 

[16] O.V. Babourova, Izv. Vuz. SSSR (Fizika) N 10 (1989) 101 [in Russian]. 

[17] O.V. Babourova, B.N. Prolov, in Abstr. cont. papers, 12th Intern. Conf. on Gen. 
Rel. and Grav. (USA, Boulder, 1989) p. 151 (A3:08). 

[18] O.V. Babourova, B.N. Prolov, in Gravitatziya i elektromagnetizm (" Universitet- 
skoe", Minsk, 1987) p. 3 [in Russian]. 

[19] A. Trautman, Symp. Math. 12 (1973) 139. 

[20] F.W. Hehl, J.L. McCrca, E.W. Mielke, Yu. Ne'eman, "Metric-Affine Gauge 
Theory of Gravity: Field Equations, Noether Identities, World Spinors, and 
Breaking of Dilaton Invariance" (the article dedicated to the memory of Rev. 
Dr. J. Dermott McCrea), preprint, Cologne, 1994-10-20. 

[21] A. Trautman, Bui. Acad. Pol. Sci. (Ser. sci. math., astr., phys.) 20 (1972) N 10, 
895. 

[22] O.V. Babourova, B.N. Frolov, in 14th International Conf. on Gen. Rel. and Grav. 
Abstracts of Contributed Papers (Florence, Italy, 1995) A90. 



7 



